Let R be an associative ring and let x, y ∈ R. Define the generalized commutators as follows:
Introduction
In the late 1940's and early 1950's, shortly after the development of the general structure theory for rings, a great deal of work was done that showed that under certain types of hypotheses, rings had to be commutative or almost commutative. The original work was by Jacobson who proved that if for every x in a ring R there exists a positive integer n(x) such that x n(x) = x, then R is commutative.
One of the first mathematicians to follow-up Jacobson's result was Herstein. In 1953 [8] he proved that if, in a ring R, some power of every element is central, then the commutator ideal C(R) of R (i.e., the two-sided ideal of R generated by all the commutators [x, y] = xy − yx with x, y in R) is nil; more precisely, if to each element x of R corresponds a positive integer n(x) such that [x n(x) , y] = 0 for all y in R, then C(R) is a nil ideal (and thus if, furthermore, R has no non-zero nil ideal, then R must be commutative). Herstein continued to work in this area, introducing in 1975 [10] the concept of the hypercenter of a ring R, T (R) = {x ∈ R | for all y ∈ R there exists n(x) such that [x n(x) , y] = 0}. He proved that if a ring has no nil ideals then the hypercenter equals the center. In 1976 [11] , he showed that if for each pair x, y of elements of a ring with no non-zero nil ideals there exist integers m = m(x, y) and n = n(x, y) such that [x m , y n ] = 0, then the ring is commutative. In 1980 [12] , he proved that if [[x m , y n ], z q ] = 0 where m, n, q, depend on x, y, z, then the commutator ideal is nil. Then, in the same paper, he conjectured that if R is a ring in which, given x, y ∈ R, [[x m , y n ], y n ] = 0 for some natural numbers m = m(x, y) and n = n(x, y), then the commutator ideal of R is nil. In [16] , Klein and Nada proved that this conjecture has a positive answer if the ring has a unit element; even more, they showed that if k is a fixed natural number and R is a ring with unit element in which for every x, y in R there exist m = m(x, y) and n = n(x, y) such that [. . . [x m , y n ], y n ], . . . , y n ] = 0, where y appears exactly k times, then the commutator ideal of R is nil.
In this paper we consider some special rings that have nil commutator ideal. First, let us fix some notations and terminology. Throughout, R is an associative ring (not necessarily with unit element). The multiplicative group of R is denoted by R * . As we mentioned, C(R) denotes the two-sided ideal of R generated by all the Lie commutators [x, y] = xy − yx with x, y in R. For x, y in R, define the generalized commutators as follows:
. R is said to be an Engel ring if for each pair x, y of R there exists a natural number k = k(x, y) such that [x, k y] = 0; in this case, if k is independent of the choice of x and y, then R is a bounded Engel ring. Now we introduce some generalized Engel rings as follows.
(P 1 ) For given x, y in R, there exist natural numbers m(x, y) and
(P 2 ) For given x, y in R, there exist natural numbers m(x, y), k(x, y) and n(x, y) such that [x m(x,y) , k(x,y) y n(x,y) ] = 0.
(P 3 ) For given x, y in R, there exist natural numbers m(x, y), k(x, y), n(x, y) and r(x, y) such that [x m(x,y) , k(x,y) y n(x,y) ] r(x,y) = 0.
The ring R is called P i -ring if it satisfies P i (i=1,2,3). Also, N (R) denotes the Köthe radical of R, that is, the sum of all nil ideals of R. Clearly, C(R) is a nil ideal if and only if R/N (R) is commutative.
As we see earlier, by [16, Theorem 3] , if R is a P 2 -ring with unity whose index function k(x, y) is independent of the choice of both x and y, then C(R) is a nil ideal. The first theorem is that: Theorem 1. If R is a P 2 -ring with unity whose index functions n(x, y) and k(x, y) are independent of the choice of y, then C(R) is nil.
A P 3 -ring is called bounded whenever all of its index functions m(x, y), n(x, y), k(x, y) and r(x, y) are independent of the choice of x and y. By a locally bounded P 3 -ring we mean a ring R in which every finite subset of R generates a bounded P 3 -ring. The next theorem is a generalization of the fact that if R is a bounded Engel ring, C(R) is a nil ideal [9] . Theorem 2. If R is a locally bounded P 3 -ring, then C(R) is a nil ideal.
The ring R is called locally finite if every finite subset of R generates a finite subring.
Corollary 1.
If R is a locally finite P 2 -ring, then C(R) is a nil ideal.
Recall that the Levitzki radical of a ring is its unique maximal locally nilpotent ideal. We can state the following result which is interesting by itself. Proposition 1. Let R be a locally bounded P 3 -ring and L its Levitzki radical. Then the factor ring R/L is commutative.
The ring R is called Lie-nilpotent if there exists a positive integer n such that [r 1 , . . . , r n ] = 0 for all r 1 , . . . , r n of R. Let γ 1 (R) = R and let γ i+1 (R) be the ideal generated by the set [γ i (R), R] for each natural i ≥ 1. One says that the ring R is strictly Lie-nilpotent if γ n (R) = 0 for some n. It is clear that if a ring is strictly Lie-nilpotent, then it is Lie-nilpotent. The converse statement is not always true; the corresponding example was constructed in [7] . The derived chain of a Lie ring R is defined inductively as δ 0 (R) = R and δ n+1 (R) = [δ n (R), δ n (R)] for each integer n ≥ 0. The ring R is called Lie-soluble if δ m (R) = 0 for some natural number m. By a locally Lie-soluble (locally strictly Lie-nilpotent) ring we mean a ring R in which every finite subset of R generates a Lie-soluble (strictly Lie-nilpotent) ring.
We certainly cannot hope to prove that every (bounded) Engel ring is Lienilpotent: for Cohn [5] has constructed, for each prime p, an associative ring of characteristic p in which [x, p+1 y] vanishes identically but which contains an infinite sequence of elements x j such that [x 1 , x 2 , . . . , x j ] = 0 (j = 2, 3, . . .).
Proposition 2.
If R is a locally bounded P 3 -ring, then it is locally Lie-soluble. Every locally bounded Engel ring is locally strictly Lie-nilpotent.
As an immediate consequence we see that if R is a left (right) Noetherian bounded Engel ring, then it is strictly Lie-nilpotent. For a left (right) Artinian ring we shall prove a stronger result in the next theorem.
Theorem 3. If R is a left (right) Artinian P 1 -ring, then it is strictly Lie-nilpotent. In particular, C(R) is a nilpotent ideal.
Recall that (bounded) Engel groups are defined in a corresponding way as rings, where the usual group commutator replaces the Lie commutator. The last theorem asserts that every algebraic algebra, whose multiplicative group is bounded Engel or soluble, has nil commutator ideal.
Theorem 4. Let F be a field and let R be an algebraic F -algebra. If R * is a bounded Engel group or a soluble group, then C(R) is a nil ideal.
The Proofs
We begin with some simple lemmas; the first one can be proved by induction on k. Lemma 1. Let x, y and z are elements of the ring R, and let k and n be two natural numbers;
Thus, C(R) is nil by Herstein's result [11] .
The proof of the next lemma can be found in [14] .
Lemma 3. (Amitsur) Let be a class of rings, and suppose that for each R ∈ there is given a subset Q(R) ⊆ R. Suppose further that (i) for every R ∈ and every homomorphism θ of R, θ(R) belongs to and
where either R is torsion free or R has prime characteristic.
Then Q(R) is nil for every R ∈ .
Proof of Theorem 1. Let be the class of all rings satisfying the hypotheses of the theorem, and for R in let Q(R) = C(R). It is enough that we verify condition (ii) of Lemma 3. If R has prime characteristic, then C(R) is nil by Lemma 2. So, assume that R is torsion free.
Since C(R) is a nil ideal if and only if R/N (R) is commutative, we may assume that N (R) = 0, and then we show that R is commutative. Since R has no nil ideal, it is a subdirect product of prime rings. Thus, without loss of generality, we may assume that R is a torsion free prime ring.
Let 0 = a ∈ R and a 2 = 0. Then for every y ∈ R there exist m = m(a, y), k = k(a) and n = n(a) such that 0
since R is torsion free, we conclude that for every y ∈ R, [a, k y n ] = 0. This implies that a ∈ Z(R) by [17, Theorem 2] . Hence the nilpotent element a = 0 is in the center of the prime ring R, a contradiction. Consequently, R is a reduced ring. Thus, being a subdirect product of domains, without loss of generality, we may assume that R is a domain.
We may also assume that R is an algebra over the field of rational numbers. For each y ∈ R, consider the set R y = {x ∈ R : [x, k(x) y n(x) ] = 0}. By Lemma 1, it is easy to see that R y forms a subring of R, and clearly R is radical over R y . Then, by [4, Theorem 2], R = R y . Hence for each x, y in R, there exist n = n(x) and k = k(x) such that [x, k y n ] = 0. Now, commutativity of R follows from [14, Theorem 3] . Lemma 4. Every J-semisimple bounded P 3 -ring is commutative.
Proof. Since every J-semisimple ring is a subdirect product of primitive rings, we may assume that R is primitive. If R is not a division ring, then for some division ring D the full matrix ring M 2 (D) is a homomorphic image of a subring of R and thus inherits the property of R. But this cannot happen, as is easily seen by taking
Thus R is a division ring, and so is commutative by [16, Theorem 3] .
Proof of Theorem 2. By a result of Herstein [9] it suffices to prove the theorem for the case in which R is an algebra over a field. Let c ∈ C(R). Then
Let R 0 be the subalgebra of R generated by all u i , r i , s i and v i . R 0 is finitely generated and so is a bounded P 3 -ring. Therefore R 0 satisfies a polynomial identity such as [x m , k y n ] r = 0; thus by a result of Braun [3] , the Jacobson radical J(R 0 ) is nilpotent. On the other hand, the J-semisimple ring R 0 /J(R 0 ) is commutative by Lemma 4. Therefore all commutators of R 0 are in J(R 0 ) whence C(R 0 ) ⊆ J(R 0 ). But now we have c ∈ C(R 0 ) ⊆ J(R 0 ) with J(R 0 ) nil. Thus c is nilpotent, and since c ∈ C(R) was arbitrary, C(R) is nil.
Proof of Corollary 1. Let R 0 be a subring of R, generated by a finite subset of elements of R. Now to each choice of x, y in R 0 we have [x m(x,y) , k(x,y) y n(x,y) ] = 0. Since R 0 is a finite ring, there exist natural numbers m 1 , n 1 and k 1 such that for all x, y in R 0 , m(x, y) ≤ m 1 , n(x, y) ≤ n 1 and k(x, y) ≤ k 1 . Putting N = (n 1 )!, Lemma 1 (ii) implies that [x m(x,y) , k 1 y N ] = 0. Now if we take M = (m 1 )!, then by Lemma 1 (iv) we can find a natural number K such that for all x, y in R 0 we have [x M , K y N ] = 0. Thus R 0 is a bounded P 2 -ring, and so by Theorem 2, we conclude that C(R) is a nil ideal.
Proof of Proposition 1. Let S be a finitely generated subring of R and J(S) its Jacobson radical. Thus S/J(S) must be commutative. On the other hand, by Braun's theorem [3] , J(S) is nilpotent and so J(S) = N (S) coincides with the set all of nilpotent elements of S. Therefore, for each finitely generated subring T of R containing S, the equality S ∩ J(T ) = J(S) holds. Hence the union L = ∪J(T ), where T runs through all finitely generated subrings of R, is the locally nilpotent ideal of R which contains all nilpotent elements of R and the factor ring R/L is commutative.
Proof of Proposition 2. Let R 0 be a finitely generated subring of R. Assume that R is a locally bounded P 3 -ring. We know that, by Theorem 2, C(R 0 ) is a nil ideal. But J(R 0 ) is nilpotent, and hence, since C(R 0 ) ⊆ J(R 0 ), C(R 0 ) is a nilpotent ideal. Therefore, R 0 is nilpotent-by-commutative, and hence Lie-soluble.
If R is a locally bounded Engel ring, then R 0 , being a finitely generated Liesoluble ring, is Lie-nilpotent by Gruenberg's result [6] . Since every finitely generated Lie-nilpotent ring is strictly Lie-nilpotent by a result of Jennings ([13, Theorem 3] ), R 0 is strictly Lie-nilpotent.
The following lemma may be known; we include it and its proof for the sake of completeness.
Lemma 5. Every J-semisimple ring satisfying P 1 is commutative. 
By Lemma 1 (iii), equation (1) implies that for any natural number m 1 and
, where u = 0. Since D is a division ring with zero characteristic and satisfies P 1 , the last equality yields y = 0, a contradiction. Therefore k = 1, as required. Therefore, every division ring satisfying P 1 is commutative. Now, by the same argument as in the proof of Lemma 4 we see that every J-semisimple P 1 -ring is commutative. Now we are in a position to prove one of our main theorem.
Proof of Theorem 3. We know that R/J(R) is commutative by Lemma 5. Note that if M is a minimal ideal of R, then M J(R) = J(R)M = 0, since J(R) is nilpotent. Therefore, for every element r ∈ R the centralizer C M (r) is an ideal of R: for every two elements a ∈ C M (r) and s ∈ R we have (as)r = a(sr − rs) + ars = ars = r(as) which implies C M (r)R ⊆ C M (r), and similarly RC M (r) ⊆ C M (r). Since R is a P 1 -ring, for every s ∈ M there exists a least natural number k = k(s, r) such that [s m(s,r) , k r] = 0, and so [s m(s,r) , k−1 r] ∈ C M (r). Thus, C M (r) = 0 and hence minimality of M implies that C M (r) = M . So we showed that if R is a left Artinian ring, satisfying the hypothesis of the theorem, then every minimal ideal of R is contained in the center of R. Now, consider the following composition series in the ring R:
where for every n, 0 ≤ n ≤ k −1, I n is an ideal that is maximal in I n+1 ; so I n /I n+1 is a minimal ideal of the Artinian ring R/I n+1 . Thus, by what we just proved, I n /I n+1 is contained in the center of R/I n+1 , i.e., [I n , R] ⊆ I n+1 for each n. Therefore, γ n+1 (R) ⊆ I n , and hence R is strictly Lie-nilpotent.
Lemma A. [15, Lemma 3] Let R be an algebraic algebra over a field F , and let I be an ideal of R. If R * satisfies a group identity, then (R/I) * also satisfies the same identity.
Lemma B. [15, Corollary 1] Let D be a division ring, m a natural number and N a subnormal subgroup of GL m (D). If N is an n-Engel group, for some natural number n, then it is central.
Proof of Theorem 4. Let R * be a bounded Engel group. We may assume that N (R) = 0, and then we show that R is commutative. First assume that J(R) = 0. Since every J-semisimple ring is a subdirect product of primitive rings, we may assume by Lemma A, without loss of generality, that R is a primitive ring. Thus there exist a division ring D such that either for a natural number s we have R M s (D), or for every natural number t, M t (D) is a homomorphic image of some subring of R. By virtue of Lemma A and Lemma B, we conclude that the second case cannot happens; so that D is a field and R D is commutative. Now, suppose that J(R) = 0. Since R has no nil ideal, R is a subdirect product of prime rings. Thus, we may assume that R is a prime ring by Lemma A. If J(R) were commutative, then R would contain a nonzero commutative ideal; because R is prime, this would force R to be commutative. Thus it is enough that we show R 1 := J(R) is commutative. But, by the main theorem of [2] we conclude that R 1 is a bounded Engel ring, and so C(R 1 ) is a nil ideal of R 1 ; this implies that R 1 C(R 1 )R 1 is a nil ideal of R. Because N (R) = 0, we conclude that C(R 1 ) = 0, i.e., R 1 is commutative, as required.
If R * is soluble, by the same argument R is commutative; the only fact we need is that if R is a prime radical ring with R * soluble, then R is commutative by [1, Lemma 2.4] .
